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Abstract
We consider the equation of motion of a charged particle or a charged compact object in curved
space-time, under the reactions of electromagnetic radiation and gravitational radiation. We show
that, up to linear order, additional terms are generated due to interaction of these two types of
radiation-reactions. We discuss the significance of these terms with respect to the main gravitational
radiation reaction term in various cases such as the motion of charged particles around black holes,
some extreme mass-ratio inspirals (EMRIs) involving sufficiently accelerated motion of charged stars
(specially neutron stars) or charged stellar mass black holes around supermassive black holes, and
motion of charged particles around charged primordial black holes formed in the early Universe. We
find that in some astrophysical and cosmological cases these terms could have significant effect in
comparison with the main gravitational radiation-reaction term.
I. INTRODUCTION
The motion of a point charge in flat space-time was one of
the main topics of research in physics from as early as 1930s.
Many pioneering physicists like Lorentz, Abrahams, Poincare
and Dirac contributed to the development of the subject
from its early onset [1]. DeWitt and Brehme generalized
Dirac’s result to curved spacetimes, and, for the first time,
gave a precise derivation of Electromagnetic self-force [2].
Later, Hobbs applied vierbein treatment to derive their
equations and found that their results must be corrected by
a term involving the Ricci tensor [3]. Similar counterpart of
electromagnetic self-force in gravity viz. the ‘Gravitational
self-force’ also was derived, first by Mino, Sasaki, and Tanaka
[4], and then by Quinn and Wald using a different method [5].
In this work, we consider an interesting case where both
the electromagnetic and gravitational self-forces are present;
and both of them produce corresponding radiation reactions
in the motion. We consider the equation of motion of a
charged particle in curved space-time and then following
[7], we derive the resultant gravitational radiation reaction.
Here the term ‘particle’ does not strictly means that it is
elementary; the mass should be centralized enough so that
the equations of motions of point-particles can be applied. In
this sense, a compact object like a neutron star or a stellar
mass black hole orbiting a supermassive black hole can also
be treated by a point-particle equation of motion.
We show that in comparison to the case where only grav-
itational self force is present, the presence of additional elec-
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tromagnetic self force, adds several extra terms in the resul-
tant expression of gravitational radiation reaction which, are
generated due to the interplay of electromagnetic and grav-
itational self forces. We investigate some astrophysical sys-
tems and cosmological cases, where these additional terms,
which are produced due to interaction of electromagnetic and
gravitational self forces, are significant in comparison with
the main gravitational radiation reaction term. We find that
although in a few cases it is possible that these terms can
be significant, the special interest comes out to be in the
cases of charged particle’s motions around primordial black
holes within certain mass range, that were produced in early
Universe by direct gravitational collapse of sufficiently deep
density perturbations. We have not discussed the additional
terms generated due to the interaction of gravitational self
force and electromagnetic ‘Tail term’ in this regard, which
will be left for a separate future work.
II. THE EQUATION OF MOTION OF A
CHARGED PARTICLE IN CURVED
SPACE-TIME UNDER ELECTROMAGNETIC
AND GRAVITATIONAL RADIATION
REACTIONS
Here we consider the explicit form of the equation of motion
of a charged particle or compact object in curved space-time
under the reaction of the electromagnetic radiation [6], and
also consider the reaction of gravitational radiation, gener-
ated due to the motion of the particle around a black hole.
The gravitational wave emitted from the system creates a
perturbation of space-time and that would have an effect on
the motion of the particle, which is the reason behind the
gravitational radiation reaction. Let τ ′ be the proper time
associated with this perturbed metric of the particle, and τ
the proper time for the unperturbed metric, without the re-
action of gravitational radiation. We denote the unperturbed
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2and perturbed metric as gµν and g
′
µν respectively; and the
perturbation, i.e. the ripples due to the gravitational radia-
tion from the system, as hµν . Hence, g
′
µν = gµν + hµν . The
equation of motion of the charged particle in the perturbed
metric is given by :
Du′µ
dτ ′
=
q
m
F ′µν u
′ν +
2q2
3m
(D2u′µ
dτ ′2
+ u′µu′ν
D2u′ν
dτ ′2
)
+
q2
3m
(R′µλ u
′λ +R′νλ u
′λu′µu′ν) +
2q2
m
f ′µνTailu
′
ν .
(1)
Here, Du
′µ
dτ ′ is the covariant derivative of the particle’s 4-
velocity w.r.t. τ ′, given by
Du′µ
dτ ′
=
D2xµ
dτ ′2
=
d2xµ
dτ ′2
+ Γ′µνρ
dxν
dτ ′
dxρ
dτ ′
. (2)
On the right-hand side of Eqn.(1), the first term is the Lorentz
force acting on the particle, the second term is the electromag-
netic radiation reaction in curved space time, the third term
is due to the interaction of the particle with the surrounding
matter (if there be any) and the fourth term is the ‘tail term’
of the electromagnetic radiation in curved space-time. The
quantity D
2uµ
dτ2
can be expanded as [6]:
D2uµ
dτ2
=
d2uµ
dτ2
+ ∂γΓ
µ
αβu
αuβuγ+
3Γµαβu
α du
β
dτ
+ ΓµαβΓ
β
ρσu
ρuσuα.
(3)
Now, following the method used in Ref.[7] we designate the
contribution of the gravitational radiation reaction by an ad-
ditive vector aµGWRR in the equation of motion of the particle
in unperturbed metric, in the following way :
Duµ
dτ
=
q
m
Fµν u
ν +
2q2
3m
(D2uµ
dτ2
+ uµuν
D2uν
dτ2
)
+
q2
3m
(Rµλu
λ +Rνλu
λuµuν) +
2q2
m
fµνTailuν + a
µ
GWRR.
(4)
Further substituting the expression of the first and second
order covariant derivatives of the four-velocity of the particle,
into the above Eqn.(4), we obtain
d2xµ
dτ2
+ Γµνρ
dxν
dτ
dxρ
dτ
=
q
m
Fµν u
ν+
2q2
3m
(
gµη + u
µuη
)(d2uη
dτ2
+ ∂γΓ
η
αβu
αuβuγ+
3Γηαβu
α du
β
dτ
+ ΓηαβΓ
β
ρσu
ρuσuα
)
+
q2
3m
(Rµλu
λ +Rνλu
λuµuν) +
2q2
m
fµνTailuν + a
µ
GWRR.
(5)
Next, we substitute the operators d
dτ
, d
2
dτ2
and d
3
dτ3
in the
above Eqn.(5) with the similar ones with respect to τ ′ ; and
obtain :
d2τ ′
dτ2
dxµ
dτ ′
+
(dτ ′
dτ
)2 d2xµ
dτ ′2
+ Γµνρ
(dτ ′
dτ
)2 dxν
dτ
dxρ
dτ
=
q
m
Fµν
dτ ′
dτ
dxν
dτ ′
+
2q2
3m
(
gµη +
(dτ ′
dτ
)2 dxµ
dτ ′
dxη
dτ ′
)
[{(d3τ ′
dτ3
dτ ′
dτ
)dxη
dτ ′
+ 3
(dτ ′
dτ
d2τ ′
dτ2
)d2xη
dτ ′2
+
(dτ ′
dτ
)3 d3xη
dτ ′3
}
+
(dτ ′
dτ
)3
∂γΓ
η
αβ
dxα
dτ ′
dxβ
dτ ′
dxγ
dτ ′
+ 3Γηαβ
dτ ′
dτ
dxα
dτ ′
{
d2τ ′
dτ2
dxβ
dτ ′
+
(dτ ′
dτ
)2 d2xβ
dτ ′2
}
+ΓηαβΓ
β
ρσ
(dτ ′
dτ
)2 dxα
dτ ′
dxρ
dτ ′
dxσ
dτ ′
]
+
q2
3m
(Rµλu
λ +Rνλu
λuµuν) +
2q2
m
fµνTail
dτ ′
dτ
dxν
dτ ′
+ aµGWRR.
(6)
We substitute the expression of the d
2xµ
dτ ′2 in the LHS of the above Eqn.(6) from the Eqn.(1) and hence obtain :
d2τ ′
dτ2
dxµ
dτ ′
+
(dτ ′
dτ
)2[
− Γ′µνρ dx
ν
dτ ′
dxρ
dτ ′
+
q
m
F ′µν u
′ν +
2q2
3m
(D2u′µ
dτ ′2
+ u′µu′ν
D2u′ν
dτ ′2
)
+
q2
3m
(R′µλ u
′λ +R′νλ u
′λu′µu′ν) +
2q2
m
f ′µνTailu
′
ν
]
+Γµνρ
(dτ ′
dτ
)2 dxν
dτ
dxρ
dτ
=
q
m
Fµν
dτ ′
dτ
dxν
dτ ′
+
2q2
3m
(
gµη +
(dτ ′
dτ
)2 dxµ
dτ ′
dxη
dτ ′
)
[{(d3τ ′
dτ3
dτ ′
dτ
)dxη
dτ ′
+ 3
(dτ ′
dτ
d2τ ′
dτ2
)d2xη
dτ ′2
+
(dτ ′
dτ
)3 d3xη
dτ ′3
}
+
(dτ ′
dτ
)3
∂γΓ
η
αβ
dxα
dτ ′
dxβ
dτ ′
dxγ
dτ ′
+ 3Γηαβ
dτ ′
dτ
dxα
dτ ′
{
d2τ ′
dτ2
dxβ
dτ ′
+
(dτ ′
dτ
)2 d2xβ
dτ ′2
}
+ΓηαβΓ
β
ρσ
(dτ ′
dτ
)2 dxα
dτ ′
dxρ
dτ ′
dxσ
dτ ′
]
+
q2
3m
(Rµλu
λ +Rνλu
λuµuν) +
2q2
m
fµνTail
dτ ′
dτ
dxν
dτ ′
+ aµGWRR.
(7)
3Now we have to arrange the equation in such a way that the similar terms in the perturbed and unperturbed metric come
together so that we can identify them. Doing so we write the Eqn.(7) in the following way :
d2τ ′
dτ2
dxµ
dτ ′
+
(dτ ′
dτ
)2
(−Γ′µνρ + Γµνρ)dx
ν
dτ ′
dxρ
dτ ′
+
(dτ ′
dτ
)2 q
m
(
F ′µν − dτ
dτ ′
Fµν
)dxν
dτ ′
+(dτ ′
dτ
)2 q2
3m
((R′µλ u
′λ +R′νλ u
′λu′µu′ν)−
(dτ ′
dτ
)−2
(Rµλu
λ +Rνλu
λuµuν)) +
2q2
m
(dτ ′
dτ
)2
(f ′µνTail −
dτ
dτ ′
fµνTail)+
2q2
3m
(dτ ′
dτ
)2 d3xη
dτ ′3
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
− dτ
′
dτ
(
gµη +
(dτ ′
dτ
)2 dxµ
dτ ′
dxη
dτ ′
)}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
dxβ
dτ ′
dxγ
dτ ′
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
∂γΓ
′η
αβ −
dτ ′
dτ
(
gµη +
(dτ ′
dτ
)2 dxµ
dτ ′
dxη
dτ ′
)
∂γΓ
η
αβ
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
d2xβ
dτ ′2
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
3Γ′ηαβ −
dτ ′
dτ
(
gµη +
(dτ ′
dτ
)2 dxµ
dτ ′
dxη
dτ ′
)
3Γηαβ
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
dxρ
dτ ′
dxσ
dτ ′
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
Γ′ηαβΓ
′β
ρσ − dτ
′
dτ
(
gµη +
(dτ ′
dτ
)2 dxµ
dτ ′
dxη
dτ ′
)
ΓηαβΓ
β
ρσ
}
−
2q2
3m
(
g′µη +
dxµ
dτ ′
dxη
dτ ′
){
3Γηαβ
dτ ′
dτ
d2τ ′
dτ2
(dxα
dτ ′
dxβ
dτ ′
)
+
d3τ ′
dτ3
dτ ′
dτ
dxη
dτ ′
+ 3
dτ ′
dτ
d2τ ′
dτ2
d2xη
dτ ′2
}
= aµGWRR.
(8)
From now on we will neglect the term in electromagnetic radiation reaction due to interaction with matter. We simplify different
terms as differences between quantities in the unperturbed metric i.e. w.r.t. proper time τ and in the perturbed metric i.e.
w.r.t. proper time τ ′ as follows :
d2τ ′
dτ2
dxµ
dτ ′
−
(dτ ′
dτ
)2
∆Γµνρ
dxν
dτ ′
dxρ
dτ ′
+
(dτ ′
dτ
)2 q
m
Fµν
dxν
dτ ′
(
1− dτ
dτ ′
)
+
2q2
3m
(dτ ′
dτ
)2 d3xη
dτ ′3
{
(1− ξ1)gµη + hµη + (1− ξ31)dx
µ
dτ ′
dxη
dτ ′
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
dxβ
dτ ′
dxγ
dτ ′
{
(1− ξ1)gµη∂γΓηαβ + gµη∂γ∆Γηαβ + hµη∂γΓηαβ +
(
(1− ξ31)∂γΓηαβ + ∂γ∆Γηαβ
)dxµ
dτ ′
dxη
dτ ′
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
d2xβ
dτ ′2
3
{
(1− ξ1)gµηΓηαβ + hµηΓηαβ + gµη∆Γηαβ +
dxµ
dτ ′
dxη
dτ ′
(
(1− ξ31)Γηαβ + ∆Γηαβ
)}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
dxρ
dτ ′
dxσ
dτ ′
{
(1− ξ1)gµηΓηαβΓβρσ + hµηΓηαβΓβρσ + gµη (∆Γηαβ)Γβρσ + gµηΓηαβ(∆Γβρσ)+
dxµ
dτ ′
dxη
dτ ′
(
(1− ξ31)ΓηαβΓβρσ + Γβρσ∆Γηαβ + Γηαβ∆Γβρσ
)}
+
2q2
m
(dτ ′
dτ
)2
(f ′µν Tail −
dτ
dτ ′
fµν Tail)
dxν
dτ ′
−
2q2
3m
(
g′µη +
dxµ
dτ ′
dxη
dτ ′
){
3Γηαβ
dτ ′
dτ
d2τ ′
dτ2
(dxα
dτ ′
dxβ
dτ ′
)
+
d3τ ′
dτ3
dτ ′
dτ
dxη
dτ ′
+ 3
dτ ′
dτ
d2τ ′
dτ2
d2xη
dτ ′2
}
= aµGWRR.
(9)
Where for brevity, we introduced the quantity
ξ1 =
dτ ′
dτ
(10)
In the above equation the quantity ∆Γµνρ is perturbation in
the Christoffel symbol due to emission of gravitational waves
from the system and is given by :
∆Γµνρ = Γ
′µ
νρ − Γµνρ = 1
2
hµα(∂ρgαν + ∂νgαρ − ∂αgνλ)+
1
2
gµα(∂ρhαν + ∂νhαρ − ∂αhνλ).
(11)
The above expression of ∆Γµνρ can be further simplified as :
∆Γµνρ =
1
2
gµα(∇ρhαν +∇νhαρ −∇αhνλ). (12)
III. ORTHOGONALITY OF THE
GRAVITATIONAL RADIATION REACTION
TERM
A. Testing the orthogonality properties of different
terms in aµGWRR :
Now, we test the orthogonality of the gravitational radia-
tion reaction term aµGWRR. We just write the expression of
aµGWRR from Eqn.(4) in the following way :
aµGWRR =
Duµ
dτ
− q
m
Fµν u
ν +
2q2
3m
(D2uµ
dτ2
+ uµuν
D2uν
dτ2
)
+
q2
3m
(Rµλu
λ +Rνλu
λuµuν) +
2q2
m
fµνTailuν .
(13)
According to the work by Barack [7], the part Du
µ
dτ
is perpen-
dicular to the four-velocity uµ i.e.
Duµ
dτ
uµ =
(d2xµ
dτ2
+ Γµνρ
dxν
dτ
dxρ
dτ
)
uµ = 0. (14)
4Next, we test the orthogonality with the part 2q
2
3m
(gµν +
uµuν)
D2uν
dτ2
, using the relation uαuα = −1 :(
gµν + u
µuν
)D2uν
dτ2
uµ =
(
gµνuµ + u
µuµuν
)D2uν
dτ2
= (uν + (−1)uν)D
2uν
dτ2
= 0.
(15)
The orthogonality of the Lorentz force term q
m
Fµν u
ν and uν
results from the antisymmetry of the field strength tensor
under the exchange of the space-time indices. Then, we test
the orthogonality of the tail term 2q
2
m
fµνTailuν . The f
µν in the
tail term is the ‘tail integral’ given by [6]:
fµν =
∫ τ−0+
−∞
D[µG
ν]
+λ′(z(τ), z(tau
′))uλ
′
dτ ′. (16)
Where Gµ+λ is the retarded Green’s function associated with
the vector potential of the electromagnetic field. Hence, con-
tracting the term fµνTailuν with uµ we have:
fµνTailuνuµ = uνuµ
∫ τ−0+
−∞
D[µG
ν]
+λ′(z(τ), z(τ
′))uλ
′
dτ ′
= uνuµ
∫ τ−0+
−∞
(DµGν+λ′ −DνGµ+λ′)(z(τ), z(τ ′))uλ
′
dτ ′
= uνuµ
∫ τ−0+
−∞
DµGν+λ′(z(τ), z(τ
′))uλ
′
dτ ′
−uνuµ
∫ τ−0+
−∞
DνGµ+λ′(z(τ), z(τ
′))uλ
′
dτ ′.
(17)
In this case also, in the two parts on the RHS of the above
Eqn.(17), the indices µ and ν are repeated and in the similar
way, as has been done for the previous case of Lorentz force,
in this case also we change the indices (µ ↔ ν) for the first
term on the RHS of Eqn.(17):
fµνTailuνuµ = uνuµ
∫ τ−0+
−∞
DµGν+λ′(z(τ), z(τ
′))uλ
′
dτ ′
−uνuµ
∫ τ−0+
−∞
DνGµ+λ′(z(τ), z(τ
′))uλ
′
dτ ′
= uµuν
∫ τ−0+
−∞
DνGµ+λ′(z(τ), z(τ
′))uλ
′
dτ ′
−uνuµ
∫ τ−0+
−∞
DνGµ+λ′(z(τ), z(τ
′))uλ
′
dτ ′
= 0.
(18)
Hence, the overall gravitational radiation reaction term
aµGWRR is orthogonal to the four-velocity uµ : a
µ
GWRRuµ = 0.
Now, we will use this orthogonality property.
B. Applying the Orthogonality Property of the
reaction
As we have the orthogonality property of the overall radia-
tion reaction, we can use it to have constraints or relations be-
tween different coefficients and terms present in the reaction.
For doing this, we contract the radiation reaction aµGWRR with
unperturbed four-velocity uµ in the Eqn.(8). Thus we get :
{
d2τ ′
dτ2
dτ
dτ ′
dxµ
dτ
+ (−∆Γµνρ)dx
ν
dτ
dxρ
dτ
}
uµ +
(dτ ′
dτ
) q
m
(
1− dτ
dτ ′
)
Fµνuνuµ +
2q2
m
(dτ ′
dτ
)(
1− dτ
dτ ′
)
fµνTailuνuµ+
2q2
3m
(dτ ′
dτ
)2 d3xη
dτ ′3
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
uµ − dτ
′
dτ
(0)
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
dxβ
dτ ′
dxγ
dτ ′
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
∂γΓ
′η
αβuµ −
dτ ′
dτ
(0)
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
d2xβ
dτ ′2
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
3Γ′ηαβuµ −
dτ ′
dτ
(0)
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
dxρ
dτ ′
dxσ
dτ ′
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
Γ′ηαβΓ
′β
ρσuµ − dτ
′
dτ
(0)
}
−
2q2
3m
(
g′µη +
dxµ
dτ ′
dxη
dτ ′
){
3Γηαβ
dτ ′
dτ
d2τ ′
dτ2
(dxα
dτ ′
dxβ
dτ ′
)
+
d3τ ′
dτ3
dτ ′
dτ
dxη
dτ ′
+ 3
dτ ′
dτ
d2τ ′
dτ2
d2xη
dτ ′2
}
uµ = a
µ
GWRRuµ.
(19)
We have already shown that Fµνuνuµ = 0 and f
µν
Tailuµuν = 0 in the previous section. Using those results and the fact that(
gµη +
dxµ
dτ
dxη
dτ
)
uµ = 0, in the above Eqn.(19), we can write it in the following way :
{
d2τ ′
dτ2
dτ
dτ ′
(−1) + (−∆Γµνρ)uµ dx
ν
dτ
dxρ
dτ
}
+
2q2
3m
(dτ ′
dτ
)2 d3xη
dτ ′3
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
uµ
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
dxβ
dτ ′
dxγ
dτ ′
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
∂γΓ
′η
αβuµ
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
d2xβ
dτ ′2
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
3Γ′ηαβuµ
}
+
2q2
3m
(dτ ′
dτ
)2 dxα
dτ ′
dxρ
dτ ′
dxσ
dτ ′
{(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
Γ′ηαβΓ
′β
ρσuµ
}
−
2q2
3m
(
g′µη +
dxµ
dτ ′
dxη
dτ ′
){
3Γηαβ
dτ ′
dτ
d2τ ′
dτ2
(dxα
dτ ′
dxβ
dτ ′
)
+
d3τ ′
dτ3
dτ ′
dτ
dxη
dτ ′
+ 3
dτ ′
dτ
d2τ ′
dτ2
d2xη
dτ ′2
}
uµ = 0.
(20)
5Now, we simplify the expression
(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
uµ :(
g′µη +
dxµ
dτ ′
dxη
dτ ′
)
uµ = (g
µ
η + h
µ
η )uµ +
( dτ
dτ ′
)2 dxµ
dτ
dxη
dτ
uµ
= (gµηuµ + h
µ
ηuµ) +
( dτ
dτ ′
)2
uη(u
µuµ)
= (uη + h
µ
ηuµ) +
( dτ
dτ ′
)2
uη(−1) = uη
(
1−
( dτ
dτ ′
)2)
+ hµηuµ.
(21)
Using this above expression and simplifying the Eqn(20), we
obtain :
−
{
d2τ ′
dτ2
dτ
dτ ′
+ ∆Γµνρuµu
νuρ
}
=
−
{
uη
(
1−
( dτ
dτ ′
)2)
+ hµηuµ
}
2q2
3m
[(dτ ′
dτ
)2(d3xη
dτ ′3
+
u′αu′βu′γ∂γΓ
′η
αβ + 3u
′α du
′β
dτ ′
Γ′ηαβ + u
′αu′ρu′σΓ′ηαβΓ
′β
ρσ
)
−
(
3Γηαβ
dτ ′
dτ
d2τ ′
dτ2
(dxα
dτ ′
dxβ
dτ ′
)
+
d3τ ′
dτ3
dτ ′
dτ
dxη
dτ ′
+ 3
dτ ′
dτ
d2τ ′
dτ2
d2xη
dτ ′2
)]
.
(22)
Now, using the above Eqn.(22) we can substitute the terms(
3Γηαβ
dτ ′
dτ
d2τ ′
dτ2
(
dxα
dτ ′
dxβ
dτ ′
)
+ d
3τ ′
dτ3
dτ ′
dτ
dxη
dτ ′ +3
dτ ′
dτ
d2τ ′
dτ2
d2xη
dτ ′2
)
in the
Eqn.(9) in terms of gµν , hµν ,Γ
µ
νρ,∆Γ
µ
νρ, uµ etc.
IV. EXTRA TERMS GENERATED AND THEIR
SIGNIFICANCE
In this section we try to investigate the significance of the
additional perturbative terms generated due to the interplay
of electromagnetic and gravitational radiation reaction. The
gravitational radiation reaction on the motion of particle in
curved space time in the absence of electromagnetic radiation
reaction is given by :
aµ1GWRR =
d2τ ′
dτ2
dτ
dτ ′
uµ −∆Γµνρuνuρ
= −ξ21(δµη + uµuη)∆Γηαβu′αu′β .
(23)
It is to be noted that the above simplified expression of the
gravitational radiation reaction can be obtained by applying
the orthogonality property of the reaction, in the case where
there is no electromagnetic radiation reaction [7].
Now, the additional perturbative terms due to interaction of
gravitational and electromagnetic radiation reactions, which
are absent when there is only gravitational or electromagnetic
radiation reactions, are :
aµ2GWRR =
2q2
3m
ξ21h
µ
η
d2u′η
dτ ′2
, (24)
aµ3GWRR =
2q2
m
ξ21u
′α du
′β
dτ ′
(hµηΓ
η
αβ + ∆Γ
µ
αβ + ∆Γ
η
αβu
′µu′η),
(25)
aµ4GWRR =
2q2
3m
ξ21u
′αu′βu′γ(∂γ∆Γ
µ
αβ + h
µ
η∂γΓ
η
αβ+
u′µu′η∂γ∆Γ
η
αβ),
(26)
and
aµ5GWRR =
2q2
3m
ξ21u
′αu′ρu′σ(hµηΓ
η
αβΓ
β
ρσ + Γ
β
ρσ∆Γ
µ
αβ+
Γµαβ∆Γ
β
ρσ + u
′µu′η(Γ
β
ρσ∆Γ
η
αβ + Γ
η
αβ∆Γ
β
ρσ)).
(27)
In the next subsections we analyze the significance of the
terms aµ3GWRR, a
µ
4GWRR and a
µ
5GWRR with respect to the
main gravitational radiation reaction term aµ1GWRR. We shall
avoid discussing the significance of the term aµ2GWRR, as it
contains time-rate of change of acceleration and hence this is
very complicated to compare for practical astrophysical and
cosmological phenomena.
A. The significance of the term aµ3GWRR:
Let us now analyze the ratio :
aµ3GWRR
aµ1GWRR
=
2q2
m
ξ21u
′α du
′β
dτ ′
(hµηΓ
η
αβ + ∆Γ
µ
αβ + ∆Γ
η
αβu
′µu′η)
−ξ21(δµη + uµuη)∆Γηαβu′αu′β
.
(28)
We see that for aµ3GWRR ∼ aµ1GWRR, one of the requirement
is:
2q2
m
ξ21u
′α du
′β
dτ ′
∆Γηαβu
′µu′η ∼ ξ21u′α∆Γηαβu′βuµuη. (29)
After substituting uµuη ≡
(
dτ ′
dτ
)2
u′µu′η and cancelling out
the u′µ from both sides of the above condition, we obtain :
2q2
m
ξ21u
′α du
′β
dτ ′
∆Γηαβu
′
η ∼ ξ41u′α∆Γηαβu′βu′η. (30)
It is to be noticed that the above relation is a tensorial
one where on both sides three indices α, β and η are re-
peated indices and they are contracted among the tensors in
such a way that we can not cancel out the term ∆Γηαβu
′αu′η
from both sides of Eqn.(30), although that is common. For
that, we write the expanded expression of the quantity
∆Γηαβ
du′β
dτ ′
u′αu′η with respect to the repeated index β :
∆Γηαβ
du′β
dτ ′
u′αu′η = ∆Γ
η
αr
du′r
dτ ′
u′αu′η + ∆Γ
η
αθ
du′θ
dτ ′
u′αu′η+
∆Γηαφ
du′φ
dτ ′
u′αu′η + ∆Γ
η
αt
du′t
dτ ′
u′αu′η .
Where the indices r, θ, φ and t denote the four coordinates of
the coordinate system. In a similar way, we expand the quan-
tity ∆Γηαβu
′βu′ηu
′α with respect to β, and then substituting
the expanded forms of these two quantities in both sides of
the relation (30) to obtain the condition to be satisfied in
6coordinate-wise manner, we get 1 :
2q2
m
ξ21u
′α du
′r
dτ ′
∆Γηαru
′
η ∼ ξ41u′α∆Γηαru′ru′η, (31)
2q2
m
ξ21u
′α du
′θ
dτ ′
∆Γηαθu
′
η ∼ ξ41u′α∆Γηαθu′θu′η, (32)
2q2
m
ξ21u
′α du
′φ
dτ ′
∆Γηαφu
′
η ∼ ξ41u′α∆Γηαφu′φu′η, (33)
2q2
m
ξ21u
′α du
′t
dτ ′
∆Γηαtu
′
η ∼ ξ41u′α∆Γηαtu′tu′η. (34)
Let us consider any one of the above set of relations, say the
first one based on radial coordinate r. It gives :
2q2
m
du′r
dτ ′
∼ ξ21u′r; (35)
provided that the quantity ∆Γηαru
′
ηu
′α is non-zero, which
should be obvious for any curved space time as any of the
spatial components of the four-velocity must be non-zero for
the motion of the particle or compact object, as well as any of
the perturbed component of the Christoffel. Thus, the condi-
tion (35) in S.I. units reads:2
q2
2pi0c3m
du′r
dτ ′
∼ u′r. (36)
We describe the fulfillment of the condition (36) in two dif-
ferent classes of charged objects : (i) charged sub-atomic par-
ticles (e.g. we estimate it numerically for a proton) and (ii)
charged neutron stars or stellar mass black holes. If we con-
sider the orbiting particle to be a proton, the above condition
yields (du′r
dτ ′
)
u′r
∼ 1026 s−1. (37)
Therefore, for a proton orbiting around a black hole the
condition for the significance of the perturbative term
aµ3GWRR is that the acceleration of the proton has to be 10
26
order larger than the speed3
It would be interesting to test the significance of the term
aµ3GWRR in the cases of charged stars, specially charged neu-
tron stars or white dwarfs, or charged stellar mass black holes
revolving around a supermassive black hole. Although, still
there is no distinct astronomical evidence for any compact
object containing a significant amount of net electric charge,
specially for stars and black holes, many researchers have
been working on theoretical models of stars containing a
significant amount of net electric charge. For instance, in [8]
1 Although the set of conditions (31) to (34) together obviously
satisfy the condition (30), it is not necessary the only case for
satisfying this condition, as the terms in the above equations are
summed up in (30). We take the condition in coordinate-wise
for brevity of our analysis.
2 As, we have considered the metric perturbation to be sufficiently
small, so that the perturbation terms are retained up to linear or-
der only ; hence the difference between the corresponding proper
times of perturbed and unperturbed metrics viz. τ ′ and τ should
also be small enough such that dτ
′
dτ
∼ 1 ).
3 Here we use proton just to get an idea on the order of acceleration
required for such sub-atomic particles to satisfy the condition 36.
the authors have discussed a class of static stellar equilibrium
configurations of relativistic spheres made of charged perfect
fluids, where they have analyzed the physical acceptability
of their theoretical model for some compact star candidates
like SAX J1808.4-3658, 4U 1538-52, PSR J1903+327, Vela
X-1 and 4U1608-52. They have concluded that their results
strongly suggest that a class of compact stellar models with
charged perfect fluid matter distribution is permitted with
the new solution discussed in their work.
According to [9], [10], [11], and [12], the global balance of
forces allows a net charge as large as 1020 C in neutron stars,
producing a very high electric field of order ∼ 1021 V/m.
Then the condition (36) for that would be :
du′β
dτ ′
∼
(MNS
M
× 106 s−1
)
u′β , (38)
where MNS and M denote the mass of the neutron star
and the solar mass, respectively. We know that usually
neutron stars and white dwarfs have mass of the order of
solar mass M i.e. MNS/M ∼ 1. Here, we consider the
observational work in [13], which reports that the speed of
a star around the supermassive black hole at the center of
Milky-way reaches approximately 8 × 106ms−1, and hence,
in such cases, for satisfying the condition derived above, the
acceleration of the star around the supermassive black hole
have to be ∼ 1012ms−2. So, achieving acceleration of this
order would be quite difficult if a single neutron star or stellar
mass black hole revolves around a supermassive black hole.
To satisfy the condition (38), a different type of astrophysical
configuration is required. When a stellar mass black hole
binary or a neutron star binary or a neutron star-black hole
binary would be revolving around a supermassive black hole,
then the smaller components in binary formation within the
three-body system should achieve the required acceleration
to satisfy the condition (38). It has been shown in the work
[14] that such EMRIs are expected to be produced by tidal
capture of smaller binaries by a supermassive black hole.
Again, at the late inspiral stage or at the merging stage
this binary becomes sufficiently compact with respect to the
supermassive black hole such that it can be treated with the
point-particle equations in our work.
In support of the fact that the smaller components of these
EMRIs can achieve such order of acceleration required for
satisfaction of the condition (38), we give an example of the
acceleration in the binary black hole candidate GW150914,
from which first direct detection of gravitational waves by
aLIGO has been done [15]. For this candidate, during 0.2
second time interval of the detectable gravitational wave sig-
nal, the relative orbiting velocity of the black holes increased
from 30% to 60% of the speed of light, and hence in this
case the order of acceleration was approximately 108m.s−2.
Although the merger-stage dynamics of the black holes can
be accurately determined by numerical general relativistic
techniques only, yet from this estimation of acceleration,
we get an intuitive idea that in case of typical binaries
of stellar mass black holes or neutron stars or binaries of
black hole-neutron star, the acceleration achieved in the late
inspiral stage and merger stage would be of similar order or
even more. So, if the smaller component of an EMRI be such
a binary, where the stars or stellar mass black holes contain
sufficient net electric charge, then satisfying the condition
7(38) is clearly possible.
Therefore, binary formations of neutron stars or stellar
mass black holes containing a net electric charge of order
1020 C and inspiralling around supermassive black holes,
are expected to satisfy the condition of significance (38).
This type of extreme mass-ratio inspirals (EMRIs) are
expected to be detected by the upcoming space-based
gravitational wave detector LISA. Hence, if the smaller mass
components of such EMRIs contain a significant amount of
net charge, then neglecting the extra terms generated due
to interaction of gravitational and electromagnetic radia-
tion reactions may lead to theoretically wrong estimation of
the parameters related to these sources of gravitational waves.
Next, we consider a period of early universe where
primordial black holes (PBHs) are expected to be produced
by direct gravitational collapse of sufficiently deep density
perturbations. Furthermore, during this epoch, as the
universe was full of charged particles (i.e. atom formation
did not start yet), it is unlikely that the PBHs would be
neutral. Therefore, in this case charged particles would
inspiral around charged PBHs and ultimately fall into the
PBHs, emitting gravitational and electromagnetic radiation.
The interesting fact here is that many of these systems could
have the size of atoms. For instance, the PBHs which had
mass smaller than ∼ 1020 kg, their Schwarzschild radius
would be less than 10−7m, and thus, we expect that they
can be treated as quantum particles. Therefore, in such
systems we expect that the charged particles orbiting around
charged PBHs would have huge acceleration, as required by
the condition (37), and consequently, the perturbative term
aµ3GWRR is expected to be significant
4.
Another astrophysical phenomenon where the condition
(37) may be satisfied is in ‘Relativistic Astrophysical Jets’.
In these case, accelerated ionized matter are emitted in the
form of a beam from some high-energy astrophysical sources
and usually the magnitude of their acceleration is huge. If in
any of such astrophysical jet, the ions are accelerated during
sufficiently small time to relativistic speeds, then the condi-
tion (37) is expected to be satisfied in the part of the jet
closest to the source, specially a supermassive black hole at
the center of an active galaxy. Even if the accelerated ions of
such a relativistic astrophysical jet passes through the vicinity
of another black hole or compact object, we may also expect
that the condition (37) to be satisfied.5
4 An example of a system where we can have a huge acceleration
is the revolving of an electron around a nucleus in the Bohr-
model of atom. The order of magnitude of such acceleration is ∼
1022ms−2. Hence, as in the early Universe the charged particles
revolving around charged PBHs constituted systems of atomic-
size, emitting both gravitational and electromagnetic radiation,
there also the acceleration of the revolving particle would be
quite similar, even expected to be larger due to the curvature of
the PBH in comparison with nucleus of a typical atom.
5 In any astrophysical scenario, if the the Plasma acceleration of
ions can be achieved, then that would be an ideal case for satis-
fying the condition (37). Indeed, in plasma acceleration of ions,
the magnitude of acceleration as high as 1022 − 1023ms−2 can
be reached [16, 17].
For aµ3GWRR ∼ aµ1GWRR, another requirement is:
2q2
m
ξ21u
′α du
′β
dτ ′
hµηΓ
η
αβ ∼ ξ21u′αu′β∆Γµαβ . (39)
Analyzing the condition in coordinate-wise manner as we did
before , we obtain for the radial coordinate:
2q2
m
du′β
dτ ′
hµηΓ
η
rβ ∼ u′β∆Γµrβ . (40)
At this point, we make use of Eqn.(11), and substitute just
the first term in the expression of ∆Γµrβ into Eqn.(40), and
we get
2q2
m
du′β
dτ ′
∼ u′β . (41)
It is interesting to note that finally we obtain the identical
condition given in Eqn.(35) (or, equivalently, in Eqn.(36) ),
and hence the practical cases where this would be satisfied
are also same.
Next, we compare the left hand side of Eqn.(40) with the
part of ∆Γµrβ involving derivatives of hµν , and we find
2q2
m
du′β
dτ ′
hµκ(∂rgκβ + ∂βgκr − ∂κgrβ) ∼
u′βgµκ(∂rhκβ + ∂βhκr − ∂κhrβ).
(42)
It is to be noted that whether the above condition would be
satisfied in any case, would depend on the associated compo-
nents of the gravitational radiation hµκ and metric gµκ ( more
specifically saying it would depend on µ, as the rest of the in-
dices are repeated indices). Here, we are giving a qualitative
discussion on satisfying the condition, rather than a quantita-
tive analysis. The gravitational radiation varies as 1/r from
the source, where r is the radial distance from the source, and
hence the radial derivative term ∂rhκβ would give just − 1rhκβ .
On the other hand, if we consider spherically symmetric met-
rics, then the partial derivative w.r.t. r of gθθ and gφφ would
give a factor of 2r, while those of gtt and grr would depend
on the particular type of that metric. However, it is well
known that if the radial distance r is not too small, then the
amplitude of gravitational radiation acting here as the metric
perturbation, is very much less than that of the metric com-
ponents. Hence, for typical astrophysical systems, the values
of quantities hµκ and (∂rhκβ +∂βhκr−∂κhrβ) are very small.
While, the values of quantities gµκ and (∂rgκβ+∂βgκr−∂κgrβ)
are relatively very large than them. Hence, depending on the
situation it is possible to get some cases where the condition
(42) is satisfied.
B. The significance of the term aµ4GWRR :
Next, we take the ratio of the perturbative term aµ4GWRR
with the main gravitational radiation reaction term aµ1GWRR:
aµ4GWRR
aµ1GWRR
=
2q2
3m
ξ21u
′αu′βu′γ(∂γ∆Γ
µ
αβ + h
µ
η∂γΓ
η
αβ + u
′µu′η∂γ∆Γ
η
αβ)
−ξ21(δµη + uµuη)∆Γηαβu′αu′β
,
(43)
8and one of the conditions for aµ4GWRR ∼ aµ1GWRR reads
2q2
3m
u′αu′βu′γ∂γ∆Γ
µ
αβ ∼ ∆Γµαβu′αu′β . (44)
Following the same steps as in the previous subsection, we
find
2q2
3m
u′γ∂γg
µr ∼ gµr. (45)
If we consider the metric to be Reissner-Nordstrom met-
ric, then as the metric is spherically symmetric and time-
independent, the above condition (45) yields :
2q2
3m
(u′r∂r + u
′θ∂θ)g
µr ∼ gµr. (46)
It is very interesting to find that not only for grr, but for all
non-zero components of the Reissner-Nordstrom metric, the
above condition gives in S.I. units:
q2
6pi0c3m
|u′r| ∼ r, (47)
where r is the radial distance from the black hole. For protons,
the above condition yields
|u′r| ∼ 1026s−1 r(inm). (48)
Therefore, we expect the term aµ4GWRR to be significant for
ultra-relativistic motion of protons around PBHs of mass less
than 109 kg, which is equivalent to Schwarzschild length scale
of 10−18m.
C. The significance of the term aµ5GWRR :
Finally, we check the significance of the term aµ5GWRR with
respect to the main term aµ1GWRR. Like the previous two
terms, we first observe the ratio:
aµ5GWRR
aµ1GWRR
=
2q2
3m
ξ21u
′αu′ρu′σ(hµηΓ
η
αβΓ
β
ρσ + Γ
β
ρσ∆Γ
µ
αβ + Γ
µ
αβ∆Γ
β
ρσ + u
′µu′η(Γ
β
ρσ∆Γ
η
αβ + Γ
η
αβ∆Γ
β
ρσ))
−ξ21(δµη + uµuη)∆Γηαβu′αu′β
. (49)
So, one of the conditions of aµ5GWRR ∼ aµ1GWRR is given by:
2q2
3m
ξ21u
′αu′ρu′σu′µu′ηΓ
β
ρσ∆Γ
η
αβ ∼ ξ21uµuη∆Γηαβu′αu′β . (50)
Now, following the same steps we carried out previously, we
explore this condition for the Reissner-Norstdorm black hole
carrying constant charge6, and after some algebra we obtain
q2
3m
(u′r)2grr∂rgrr ∼ ξ21u′r. (51)
Taking ξ ≈ 1, and using grr = (1 − rsr +
r2Q
r2
), the above
condition becomes
q2
3m
u′r
1
r
(rs
r
− r
2
Q
r2
)
(
1− rs
r
+
r2Q
r2
) ∼ 1. (52)
Where, rs is the Schwarzschild radius of the black hole
given by rs = 2GM/c
2 and rQ is the length scale associ-
ated with the electrical charge Q of the black hole, given
by rQ = Q
2G/4pi0c
4. For practical cases of charged par-
ticles or compact objects moving around charged black holes,
7 r is larger than both these length scales. However, the
situation differs in the two cases : (i) r > rs, rQ, but yet
6 Although in many cosmological cases, the charged black holes
would have charges varying continuously with time, as of now
we consider black holes with constant charges.
7 Here we do not specify the sign of the charge of the particles. In
fact, even if the particles’s charge are of the same sign as that of
the black hole, they may gravitationally bounded by the charged
black hole if the gravitational pull due to space-time curvature
overtakes the effect of electrostatic repulsion[18], [19], [20], [21].
r ∼ rs, rQ, and (ii) r >> rs, rQ. In the former, the the quan-
tity
(rs
r
− r
2
Q
r2
)
/
(
1− rs
r
+
r2Q
r2
)
is of order unity, whereas in
the later case it would be very large. We here focus on case
(i), because if the particle moves very far away from the black
hole then the effect of gravitational wave on its motion would
be very little. Thus, Eqn.(52) reduces (in S.I. units) to
q2
12pi0c3m
|u′r| ∼ r. (53)
This condition is similar to the one in Eqn.(47), and, hence,
the cases of significance of this condition would also be
identical as discussed earlier.
Another condition of significance of aµ5GWRR w.r.t.
aµ1GWRR can be given by :
2q2
3m
ξ21u
′αu′ρu′σΓβρσ∆Γ
µ
αβ ∼ ξ21u′αu′β∆Γµαβ . (54)
We expand the repeated index β on both sides of the
above condition, and follow similar steps using the condition
coordinate-wise, as described in previous cases. Then we take
the condition for the radial coordinate and from that, can-
celling the quantity u′α∆Γµαr from both sides, we get
2q2
3m
u′ρu′σΓrρσ ∼ u′r. (55)
If we expand the sum denoted by contracted repeated index
ρ, in the LHS of above condition (55), then we obtain :
u′σΓrrσ ∼ 3m
2q2
(56)
If we consider the Reissner-Norstdorm metric, then on the
LHS of condition (56), the only non-zero Christoffel symbol
9tensor component would be Γrrr and hence,
u′rΓrrr ∼ 3m
2q2
. (57)
For Reissner-Norstdorm metric, the Γrrr is given by :
Γrrr =
rs
2r
+
r2Q
r2
rs +
r2Q
r
− r
. (58)
So, to find out the practical cases where the condition (57)
holds, we need to first analyze the value of the Christoffel
symbol component Γrrr around typical black holes. The value
of the quantity 3m
2q2
, which is actually 6pi0c
3m
q2
in S.I. units, on
the RHS of condition (57), is of the order of 1026 for proton.
We have already calculated and used the similar quantity in
condition (36). There would be a limitation on the radial
component of the four velocity |u′r|, as it can not exceed the
speed of light in vacuum i.e. c. Due to this limitation on
|u′r|, the order of the value of Γrrr must be higher than 1018
for satisfying the condition for the case of proton.
Note that, in the expression of Γrrr given in the Eqn.(58),
for any charged particle or charged compact object orbiting
around a typical Reissner-Norstdorm black hole, the radial
distance r must be greater than the outer horizon, which is
given by r+ =
1
2
(rs +
√
r2s − 4r2Q). For stellar mass black
holes, the value of Γrrr would decrease with increasing r and
the same happens for supermassive black holes. But, for pri-
mordial black holes (PBHs), specially the ones having mass
less than 1020 kg, exactly the opposite happens. For instance,
a PBH with mass ∼ 1020 kg would have Schwarzschild length
scale ∼ 10−7m, and thus for any charged particle revolving
around the PBH at a radial distance not exceeding 10−3.5m,
the value of Γrrr would be less than unity and this would in-
crease with the decrease of the radial distance. Therefore, for
systems where relativistic charged particles revolve around
charged PBHs of sufficiently smaller masses, created in early
Universe, the condition (57) could be easily satisfied resulting
in significance of the term aµ5GWRR. In those cases even when
the speeds of the charged particles is about 102ms−1 (while
it is expected to be near the speed of light for smaller particles
like proton), it would also not be difficult for the system to
satisfy the condition (57).
V. CONCLUSION AND DISCUSSION :
In this work we have shown that coexistence of gravita-
tional and electromagnetic self-forces can lead to an effect, in
the motion of charged particles in curved space-time, which
does not exist when there is only gravitational or electro-
magnetic self-forces. We have analyzed different conditions
for which the extra terms generated due to the interaction
of these radiation reactions would be significant in compari-
son with the main gravitational radiation reaction term. It
is interesting to find that there are astrophysical phenomena
and cosmological cases where these extra terms could play a
significant role. The physical interpretation of the generation
of extra terms in the equation of motion of charged particles
in curved space-time due to this interaction of two different
types of self-forces, can be understood as due to the fact that
when electromagnetic self-force is acting in curved space-time,
where there is gravitational wave emission from the system,
then the electromagnetic wave produced due to the motion of
the charged particle has to traverse through the ripples in the
curved space-time due to the gravitational radiation. How-
ever, in the absence of the gravitational radiation, the electro-
magnetic wave propagates through the curved space-time but
it does not face ripples in space-time. It is this difference with
the case where gravitational radiation is present that mani-
fests in the form of the extra terms generated in the equation
of motion of the charged particle, and this is precisely the in-
teraction between the two self-forces. It is important to note
that not taking into account this extra terms in astrophysical
or cosmological phenomena involving relativistic charged par-
ticles or compact objects, could lead to incorrect estimation
of their motions.
VI. ACKNOWLEDGEMENT
Arnab Sarkar thanks S. N. Bose National Centre for Basic
Sciences, Kolkata 700106, under Department of Science and
Technology, Govt. of India, for funding through institute-
fellowship. Amna Ali is thankful to UGC for providing finan-
cial support under the scheme Dr. D.S. Kothari postdoctoral
fellowship.
[1] Dirac, P.A.M., Proc. R. Soc. London, Ser. A, 167, 148,
(1938).
[2] DeWitt, B.S. and Brehme, R.W., Ann. Phys.(N.Y.), 9,
220-259, (1960).
[3] Hobbs, J.M., Ann. Phys. (N.Y.), 47, 141-165, (1968).
[4] Mino, Y., Sasaki, M. and Tanaka, T., Phys. Rev. D, 55,
3457-3476, (1997), [arXiv:gr-qc/9606018]
[5] Quinn, T.C. and Wald, R.M., Phys. Rev. D, 56,
33813394, (1997). [arXiv:gr-qc/9610053].
[6] Arman Tursunov, Martin Kolo, Zdenk Stuchlk and
Dmitri V. Galtsov ; The Astrophysical Journal, 861:2
(16pp), 2018 July 1 ;
[7] Leor Barack , Class. Quantum Grav. 26 (2009) 213001
(56pp) ;
[8] J. Kumar, S.K. Maurya, A.K. Prasada and Ayan Baner-
jee ; JCAP11(2019)005
[9] S. Ray, A.L. Espindola, M. Malheiro, J.P.S. Lemos and
V.T. Zanchin, Phys. Rev. D 68 (2003) 084004
[10] C.R. Ghezzi, Phys. Rev. D 72 (2005) 104017 [gr-
qc/0510106] [INSPIRE]
[11] V. Varela, F. Rahaman, S. Ray, K. Chakraborty and M.
Kalam, Phys. Rev. D 82 (2010) 044052 [arXiv:1004.2165]
[12] S. Ray, M. Malheiro, J.P.S. Lemos and V.T. Zanchin,
Charged polytropic compact stars, Braz. J. Phys. 34
(2004) 310.
10
[13] GRAVITY Collaboration , R. Abuter et al ; Astronomy
and Astrophysics , Volume 615, L15, July 2018
[14] Xian Chen and Wen-Biao Han , Communications Physics
volume 1, Article number: 53 (2018)
[15] B. P. Abbott et al., Phys. Rev. Lett. 116, 061102 (2016).
[16] R. Assmann et al. (2014) Plasma Physics and Con-
trolled Fusion. 56 (8): 084013. arXiv:1401.4823.
Bibcode:2014PPCF...56h4013A. doi:10.1088/0741-
3335/56/8/084013. ISSN 1361-6587
[17] Rosenzweig, J. B; Andonian, G; Bucksbaum, P; Ferrario,
M; Full, S; Fukusawa, A; Hemsing, E; Hidding, B; Hogan,
M; Krejcik, P; Muggli, P; Marcus, G; Marinelli, A;
Musumeci, P; O’Shea, B; Pellegrini, C; Schiller, D; Trav-
ish, G (2011). Methods in Physics Research A. 653 (1):
98. arXiv:1002.1976. Bibcode:2011NIMPA.653...98R.
doi:10.1016/j.nima.2011.01.073.
[18] Daniela Pugliese, Hernando Quevedo, and Remo Ruffini
; Phys. Rev. D 83, 104052 ;
[19] Bicak J., Suchlik Z., and Balek, V. ; Astronomical Insti-
tutes of Czechoslovakia, Bulletin (ISSN 0004-6248), vol.
40, no. 2, March 1989, (p. 65-92.) ; Bibliographic Code:
1989BAICz..40...65B
[20] D. Pugliese, H. Quevedo and R. Ruffini ; Eur. Phys. J. C
(2017) 77:206 , DOI: 10.1140/epjc/s10052-017-4769-x ;
[21] Praloy Das, Ripon Sk and Subir Ghosh ; Eur. Phys. J.
C (2017) 77:735 DOI: 10.1140/epjc/s10052-017-5295-6
